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STJMMARY

Meteorologicalicingdata obtainedin flightin the UnitedStates
are analyzedstatisticallyand methodsare developedfor the determina-
tion of: (1)the varioussimultaneouscombinationsof the threebasic
icingparameters(liquid-watercontent,drop diameter>and temperature)
whichwouldhave equalprobabilityof being exceededin flightin smy
randomicingencounter;and (2)the probabilityof exceedingany speci-
fied groupof valuesof liquid-watercontentassociatedsimultaneously
with temperatureand hop-diametervalueslyingwithinspecifiedranges.
The methodsare particularlyusefulin the designof anti-icingequip-
ment intendedto bperatethroughthe UnitedStates,to definesimulta-
neouscombinationsof the meteorologicalvariableswhich couldbe
encountered,and to ascertainthe effectivenessof the equipmentin
withstandingthe naturalicingconditionsto which it may be subjected.
In addition}a mathematicalbasis is providedfor the futurestatistical
analysisof meteorologicalicingdata thatmightbe obtainedthroughout
,theworld.

The progrsm
conductedby the
prtiarilytoward

of research
NACA during

INTRODUCTION

in aircraftice prevention
the past severalyearshas

whichhas been
been directed

the developmentof practicalmethodsfor the designof
thermalice-preventionequipmentfor-variousairplanecomponents.‘Since
a rationalice-preventiondesignrequiresa knowledgeof the physical
characteristicsof icingconditions>an importantphase of the research
progrsmhas been an investigationof the meteorologicalconditionscon-
duciveto icing.

The severityof an encounterwith icing.conditionsis determined
principallyby four factors;nsmely,the liquid-watercontent,the ,

lLevTis FlightPropulsionLaboratoryJNACA
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the drops,the temperature,and the horizontalextentof the
The meteorologicalinvestigationhas, therefore,been con-
obtainingmeasurementsof thesequantitiesin a wide variety

of naturalicingcon~itionsin orderto esta~lishthe rangeand rela- -
tive frequencyof occwrence of variousvalues,and combinationsof
values,of thesequantities.

Duringthe period1945through1948,a considerableamountof data
was collectedby the Ames and LewisLaboratories.Theseresults,and
discussionsof variousphasesof the investigation,havebeen reported
in references1 through4. All of theseresults,togetherwith similar
data from observationsmade by otherorganizations,were used as a basis
for a listingof estimatedmaximumicingconditionsrecommendedfor con-
siderationin’thedesignof anti-icingequi~ent (reference5). The
probablemaximumvalueslistedin reference~ were estimatedon the
basis of what was considereda reasonableextrapolationfrom a limited
amountof data,and the conceptof the probabilityof encountering
varioussimultaneouscombinationsof valuesenteredonly in a subjective
and qualitativeway.

In this report,the availabledata obtainedin icingflightsin the
UnitedStatesare analyzedstatisticallyand the resultsare presented
graphicallyin two forms. In the firstform,the resultsare plottedto
showthe variouscombinationsof liquid-watercontent,dropdiameter>
and ambient-airtemperaturewhichhave equalprobabilityof being
exceeded. In the secondform,plotsare presentedto determinethe
probabilityof exceedingany specifiedvalueof liquid-watercontent
underthe conditionthatthe value is associatedsimultaneouslywith
valuesof temperatureand dropdiameterlyingwithinspecifiedintervals.
Bothplotsare based on preselectedvaluesof horizontalextent;however,
methodsfor estimatingvaluesapplicableto otherhorizontalextentsare
alsopresented.

Althoughthe resultsof thisreportare directlyapplicableonlyto
the UnitedStates,an estimationof the conditionsprevailingin other
localitiesof similarclimaticconditionscan be made basedupon the
results presentedherein. As meteorologicalicingdata are accumulated
for regionsoutsidethe
providea frameworkfor
not limitedin scopeto

UnitedStates,the methodsof this reportshould
placingthe data on a statisticalbasisthat is
the UnitedStates.

SYMSOLS

The followingsymbolsare used throughoutthis report:

A,B,C designationappliedto threeeventsoccurringsimultaneously
but not necessarilyindependently

%.

.
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PA

PABC

PB(A)

PC(A,B)

Pe

chordlength,feet

mean-effectivedrop diameter,microns

the smallestdrop diameterfor which dropswill impingeupon
a thermalelement

intervalof drop diameter,microns

Naperianbase of logarithms

collectionefficiencyof an airfoilsection,percent

factorby whichliquid-water-contentvaluesare multiplied
to make them applicableto otherdistancesof cloudhori-
zontalextent,dimensionless

weightrate of water intercepted,poundsper hour per foot
of airfoilspan

an integer

an icingconditionconsideredto be definedby specifications
of the threevariables,liquid-watercontent,temperature
depressionbelow freezing,and drop diameter

probabilityof overloadingany givenelementof a thermal
anti-icingsystem

probabilityof the occurrenceof eventA

probabilityof the simultaneousoccurrenceof three
events,A, B, and C

probabilityof the occurrenceof eventB, underthe condi-
tion that eventA will occur

probabilityof the occurrenceof eventC underthe condi-
tion that both eventsA and B will occur

probabilitythat any randomicingencounterwill be char-
acterizedby a combinationof valuesof the variables
(liquid-watercontent,temperaturedepressionbelow freez-
ing,and drop diameter),in which eachvariablemust, res-
pectively,equalor exceeda specifiedvalueof that
variable

probabilitydefinedby the Gumbelprobabilitydistribution
and expressedby equation(Al)
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probabilitythat,for a randomicingencounter,the following .
threeconditionswill simultaneouslybefulfilled:
(1)liquid-watercontentexceedinga specifiedVduej
(2)temperaturewithina specifiedinterval;and (3)drop #
dismeterwithina specifiedinterval

probabilitythat drop diameterwill have a valuelyingwithin
a specifiedrange (AD]

probabilitythat temperaturetill have a valuelyingwithin
a specifiedrange (AT)

probabilitythat liquid-watercontentwill be equalto or
greaterthan Wi underthe conditionthat the temperature
lieswithina specifiedrange (AT)

probabilitydefinedby the probabilityfunction Q(T~)for
a fixedvalueof T’

probabilityfunction,determinedlythe variationwith tem-
peraturedepressionbelow freezingfor the most severe
icingconditions,of the percentof icingencountersin
whichthe temperaturedepressionbelow freezingis less
than certainspecifiedvalues

probabilitythat the maximumliquid-watercontentin an icing
encounteris equalto or greaterthan W, underthe condi-
tion that the temperaturedepressionbelow freezingis
equalto or greaterthan T!

probabilityfunction~ressing R in termsof W and Tr

probabilitythat the liquid-watercontentassociatedwith
the msxi.mumvalueof drop diameterin an ici?igencounteris
equl to or greaterthan W, underthe conditionsthat the
temperaturedepressionbelowfreezingis equalto or
greaterthan T! and the maximumvalueof drop tiameter
is equalto or greaterthan D

probabilityfunctionexpressing R1 in termsof W, D, and T’

probabilitythat the drop diameteris eqti to or greater
than D, underthe conditionsthat the temperaturedepres-
sionbelowfreezingis equalto or greaterthan T! and
the liquid-watercontentis equalto or greatertham W

probabilityfunctionexpressing S in termsof D, W, and Tt
?

probabilitythat the maximumvalue of drop dismeterin an
icingencounteris equalto or greaterthan D, underthe
conditionthat the temperaturedepressionbelowfreezing
is eqpalto or greaterthan T!
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probabilityfunctionexpressing S’ in terms

c~osite distributionfunctionconsistingof
of the functions S(D,O,O1)and S’(D,O)

airfoilthickness,percentof chordlength

5

of D and T’

partsof each

temperatureexistingin an icingcondition,%?

temperaturedepressionbelow freezing,equalto 32-T,FO

temperaturedepressionbelow freezingat whichthe heat out:
put of the thermalelementcan bringthe surfacetempera-
ture of the elementjustto freezingtemperature,FO

intervalof temperature,%?

intervalof temperaturedepressionbelowfreezing,FO

a constantwhichdenotesthe mode in the Gumbelprobability
equation

airspeed,milesper hour

liquid-watercontent,gramsper cubicmeter

valueof liquid-watercontentcorrespondingto a probability
value of 0.05definedby the Gumbelprobabilityequation

value of liquid-watercontentcorrespondingto a probability
value of 0.63 definedby the Gumbelprobabilityequation

intervalof liquid-watercontent,gramsper cubicmeter

independentvariablein the Gumbelprobabilityequation

a parameterwhichdepictsthe concentration
distributionaboutthe mode in the Gumbel
equation

Subscripts

any selectedicingcondition

a representativevalueof a variable

of a frequency
distribution

.
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The data used in
liquid-watercontent,

this
drop

ANALYSIS

analysisconsistof 1038 sets of valuesof
diameter,and temperatureobtainedduring

252 encounterswith icingconditions.Valuesof liquid-watercontent
and drop diameterwere measuredby means of the rotatingnmlticylinder
method. All data availableat the time of preparationof this report
were used in the analysis,including(1)data obtainedby the Ames and
Lewis~boratoriesand publishedin references1, 2, 3, 4, and 6;
(2)data containedinthe monthlyreportsof the Air MaterielCommand
AeronauticalIce ResearchLaboratory,the majorportionof which is pre-
sentedin reference7; and (3)data obtainedby UnitedAir Lines (refer-
ence8) and AmericanAirlines(reference9) duringicingflightswith
DouglasDC-6 type airplanes.

For the purposesof this analysis,the basicunit of data is the
icingencounterwhich consistsof all measurementsmade duringflight
througha singlearea of continuousor intermittenticingconditions.
This areawas separatedfrom othericingconditionsby relatively
largeareasin whichno icingwas observed. The problemconsidered
hereinis to determinethe probabilitythat an icingencounterchosen
at randomwill includeconditionsof a givenseverityaveragedover a
certaindistance. Sincemost of the rotating-cylinderobservations
representaveragesoverdistancesof about3 miles in cumulusclouds
and 10 miles in layerclouds,thesedistancesare regardedfor purposes
of datareductionas standardvaluesof horizontalextent,applicable
to data fromthe two principalcloudtypes. The probabilitiesobtained
on thisbasismay be appliedto otherdistancesby usingthe data con-
cerningthe relationbetweenhorizontalextentand averageliquid-water
contentobtainedfrom continuousrecordsof the rotating-diskicing-rate
meter. (Seereference3.) It has been assumedthat the greatestvalues
of liquid-watercontentand dropdismetermeasuredby the rotatingcyl-
indersduringan Icingencounterrepresentmaximumvaluesaveragedover
the standarddistancesof 3 or 10 miles. This assumptionis probably
approximatelytrue,sincea particulareffortwas made to obtain
rotating-cylinderdata duringthe perbds of most rapidice formation.

Sincethe variationsof temperatureduringa singleicingencounter
are usuallynot very great,the most severeicingconditionsmeasured
duringa particularicingencounterthenwill be eitherthe greatest
valueof liquid-watercontentand the correspondingvalueof drop die.meter~
or possibly,the greatestvalue of drop diameterand the corresponding
value of liquid-watercontent. Both of thesepossibilitiesfor a severe

‘The term “icingcondition’!as usedhereindenotesa stateof the atmos-
pheredefinedby a set of valuesof temperature,liquid-watercontent,
drop diameter,and pressurealtitudein whichthe temperatureis below

1

freezingand the liquid-watercontentis greaterthan zero. .
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,* icingconditionare consideredin the probabilitysmalysiswhich,for
the sake of convenience,is developedin threephases.

-, The firstphase of the analysisis the classificationof the avail-
able data accordingto cloudtype and geographicallocation;the second
phase is the determinationof the particularcotiinationsof liquid-
water content,drop diameter,and ambient-airtemperature,for a given
horizontalcloudextent,that have the sameprobabilityOf being shmil.-
taneouslyequaledor exceededin a randomicingencounter;and the third
phase is the determinationof the probabilityof exceedingany specified
groupof valuesof liquid-watercontentassociatedsimultaneouslywith
temperatureand drop-diametervalueslyingwithinspecifiedranges.

Classificationof Data Accordingto Cloud!&ye
and GeographicalLocation

For classificationpurposesin this report,cloudswill be divided
into two classes,cumuluscloudsand layerclouds;and the area of the
UnitedStateswill be dividedintothreeregions,the Pacificcoast
region,the plateauregion,and easternUnitedStateswith boundaries
as indicatedin figure1. This systemof classificationdividesthe
observationsinto six casesas indicatedin table I, which includes‘9
informationrelatingto the numberof icingencountersand the number
of individualmeasurementsof liquid-watercontentand drop dismeterfor

- each group. The two casesfor whichthe greatestsmountof data are
available,easternlayerclouds(case‘j)and Pacificcoastcumulus
clouds(case2), are treatedin considerabledetail. The othercases
are treatedin as much detailas the data permit,with the exceptionof
case 6 (cumuluscloudsin easternUnitedStates)which is omittedbecause
of insufficientdata.

Determinationof ParticularCombinationsof Liquid-Water
Content,Drop Diameter,and TemperatureDepression

Havingthe SameProbabilityof Being Simul-
taneouslyEqualedor Exceededin a

RandomIcingEncounter

Exceedanceprobability.-The threefundamentalicingvariablesused
to definean arbitraryicingconditionare liquid-watercontent W,
drop diameter D, and temperature T. For purposesof probability-anal-
ysis,however,it is more convenientto refer temperatureto the freezing

x point and to use temperaturedepressionbelow freezing T’ as a variable
to substitutefor the temperature T. Thus,any particularicingcondi-
tion cm be representedby selectedvaluesof the variables WI) Dl,

. and T1’. The probabilitythat any randomicingencounterof standard
extentwill provideStiultaneousvaluesof each of the icingvariables
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equalto or greaterthan eachof the selectedvalues(i.e.,W>Wl, DaDl,
and Tt>Tl~) willbe termedthe “exceedartceprobability’tPe correspond-
ing to the icingcondition Wl, Dl, and Tit.

%

The exceedanceprobabilityrepresentsthe probabilityof the simul-
taneousoccurrenceof threeeventswhichare not necessarilyindependent.
In orderto evaluate Pe~ use is made of the theoremof compoundproba-
bility (referertce10) which statesthat the probability~fthe simulta-
neousoccurrenceof threeevents,A, B, and C, is equalto the probability
of the occurrenceof A timesthe conditionedprobabilityof the occur-
renceof B, underthe conditionthat A will occur,timesthe condi-
tionedprobabilityof the occurrenceof C, uuderthe conditionsthat
both AandB will occur. This theoremcanbe expressedsymbolically
as follows:

P~c =PAPB(A) Pc(A,B) (1)

If it is consideredthat the probabilityof exceedingcertainvalues
of T’, W, andD is analogousto the probabilityof the occurrenceof
events A, B, and C. expressedin equation(1),then the exceedanee
probabilityPe maybe representedby the productof threeprobability
factors Q, R, and S, accordingto the eqyation

Pe = QRs (2)

In applyingequation(2)to the meteorologicalvdiables, the prob-
ability Q may be consideredas a functionof T1 alone,R a function
of WandT1, and S a ftmctionof D, T?, andW. The functionalrela-
tionsbetween Q, R, and S, and D} T’, andW are denoted,respectively,
by the expressionsQ(T~),R(W,T~)and S(D,T’,W).Themeaning of each
expressionis as follows:

Q(T’) a

aR(W,!I?)

S(D,W,T’) a

relationthatdefinesthe probability Q in termsof T*
and expressesthe probabilityfor a givenvalueof T!
of a randomicingencounterhavinga temperaturedepres-
sionbelowfreezingeqml to or greaterthan T!

relationthat definesthe probabilityR in termsof W
when Tt is specifiedand expressesthe probabilityfor
a givenvalueof W of a randomicingencounterhaving
a liquid-watercontentequalto or greaterthan W, under
the conditionthat the temperaturedepressionbelowfreez-
ing is equal to or greaterthan T!

relationthat definesthe probabilityS, in termsof I)
when W and T! are specifiedand ~resses the probabil-
ity for a givenvalueof D of a rsmdomicingencounter
havinga valueof drop diameterequalto or greater
than Dj underthe condition
is equalto or greaterthan
depressionbelowfreezingis

that the liquid:watercontent
W and the temperature
eqya.1to or greaterthan T’

k.-

S

.
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‘L The physicalsignificanceof the term exceedanceprobabilityis
best illustratedby graphicalmeans. Figure2 presentsa three-
dimensionalplotwith the variables W, D, and T? as the axes. Any
icingconditionof standarddurationdefinedby selectedvaluesof these
threevariables,suchas Wl, Dl, and Tl~, appearsas a singlepoint OZ
on the plot. Correspondingto the point 01, thereis an exceedance
probability Pel which expressesthe probabilitythat a randomicing
encounterwill providesimultaneousvaluesof each of the icingvari-
ablesequalto or greaterthan each of the selectedvalues,Wl, Dl,
and T1’. Accordingto equation(2),the valueof PeT wouldbe given
by the equation

Thus,when Pe
surfacepassing

-b

is regardedas a constant,Pel, equation(2)definesa
through 01, specifiedby all the co?ibinationsof W, T!,

and D whichhave the sae-~robabilityof being simultaneouslyequaled
or exceeded. This surfaceis shownas the equiprobabilitysurfacein
figure2, and representsthe locusof all icingconditionswhichhave
the sameprobabilityof being equaledor exceeded. The quantitative
valueof exceedanceprobabilityapplyingto individualpointslyingon
the surfaceis expressedby equation(2).

It shouldbe notedthat since Q, R, and S representprobabilities,
they cannotbe greaterthan one nor less than zero. Moreover,Q is
equalto one when T’ equalszero and continuouslydecreasesas Tf
increases;R is equalto one when W is zero;and for any constant
value of T~, R is a continuouslydecreasingfunctionof W. Finally,
S is equalto one when D is zeroand, for any particularpair of
valuesof T1 and W, S is a continuouslydecreasingfunctionof D.
The pointat whichthe equiprobabilitysurfaceintersectsthe T? axis
is determinedby the valueof T? for which Q = Pe> since R and S
are both equalto one. Similarly,the surfaceintersectsthe
W and D axes at valuesof W and D whichmake R and S, respectively,
equaltO Pe. A constant-temperaturecontourpassingthroughthe
point 01 on the equiprobabilitysurfacewouldbe definedby the con-
dition T? = T1’, fromwhich it followsthat Q = Ql~ and hence
RS = pe/Q1* Thesevaluesare depictedin figure2.

The precedingtheoryconcerningexceedanceprobabilitymust be
modifiedslightlyto make it applicableto the particularproblemunder
consideration,in which the probabilitiesare to applyto the most
severeicingconditionsin an icingencounter. In most cases,the most
severeicingconditionis representedby the maximumvalue of liquid-
water contentand the corresponding(simultaneouslyobserved)value of

+ drop diameter.
representslow

.*

For the portionof the equiprobabilitysurfacewhich
valuesof liquid-waterconcentrationand largevaluesof
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drop diameter,on the otherhand,the criticalconditionis represented
by the maximumvalueof drop sizeand the correspondingvalueof liquid-
watercontent. To take accountof the firstof thesepossiblecombina-
tions,the function R(W,T~)was determinedfromthe greatestvaluesof
liquid-watercontentfor each icingencounterand the function S(D,W,T’)
was obtainedfromthe correspondingvaluesof drop diameter;and to take
accountof the secondpossiblecombinations,anotherfunction S’(D;T~)
was determinedfrom the @?eatestvaluesof drop diameterand a corre-
spondingfunction“R’(W,D,T’)was obtainedfrom the correspondingvalues
of liquid-watercontent. The functions R(W,Tt)and S(D,Tf)were then
used to determinethe main portionof the equiprobabilitysurfaces>
while the functions R’(W,D,T’)and S’(D,T’)were used for the portion
representinglargevaluesof D and smallvaluesof W.

Constructionof the equiprobabilitysurfaces.-The procedureused
in the constructionof equiprobabilitysurfacesfrom a particularset of
datawas essentiallythat of determininggraphicallythe relationsdes-
cribingthe fun&tions Q(T’),R(W,T’),S(D,W,T’),R’(W,D,T’),and S’(D,Tt).
This procedureis illustratedin appendixA.

The mathematicalfunctionsused to representthe variousdistribu-
tionswere chosenmainlyon the basisof the empiricalcriterionof
goodnessof fit, althou@ theoreticalconsiderationsalsowere given
considerableweight,particularlyin the selectionof a functionto
representthe distributionof maximumvaluesin thosecasesin which
each item in the distributionis the maximumof a groupof observed
values. The functionchosenfor representingsuchdistributionsis one
originatedby Dr. E. J. Gumbel(reference11) to describea distribution
of extremeyalues. This functionwill be referredto hereinafteras
“@rebel’sdistribution.”

Becauseof an almostcompletelack of observationaldata in flight
concerningicingconditionsat very low t=peratures,reliancehas been
placedon the resultsof laboratoryexperimentson the formationof ice
crystalsto aid furtherin the constructionof the equiprobabilitycharts.
The experimentsreliedupon (summarizedin reference12) indicatethat a
criticaltemperatureexistsin the neighborhoodof -40°F, belowwhich
ice crystalsare formedin very greatnumbersin atmosphericair when-
ever conditionsof saturationwith respectto liquidwater occur. On
the basis of this fact,it is inferredthat cloudsat temperatures
below -40°F are composedeitherentirelyor almostentirelyof ice
crystals;hencethe liquid-watercontentis assumedto be zeroat all
values of T’ greaterthan 72° F.

The methodsoutlinedin the precedingparagraphshave been used to
prepareconstant-temperaturecontoursdefiningthe equiprobabtlitysur-
facesfor values of Pe equalto 0.1, 0.01,and 0.001for cases1
through ~ (table1). Thesecurvesare presentedin figures3 through7.
Detailsof the probabilitycalculationsfor cases2 and 5 are givenas
examplesin appendixA.

.

*.
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‘% The equiprobabllitysurfacesdefinedby the contourspresentedin
figures3 through7 are constructedonly for three exceedanceprobabil-
ities,but it may be desiredto ascertaina pointwhich liesbetween

7 the surfacesdefinedfor the threedifferentexceedanceprobabilities.
If sucha point is desired,it can be identifiedin T~-D-W spaceby
logarithmicinterpolationbetweenthe equiprobabilitysurfaces,since
the probabilityfunctionsdecreaseapproximatelyexponentiallywith
increasingvaluesof T?, W, and D.

The inclusionof horizontalextentas an additionalvariable.-
Experiencehas shownthat the more localizeda cloudformation,the
hi-@erwillbe its liquid-watercontent. The resultsof the f&regoing
analysis(figs.3 through7), however,are directlyapplicableonly to
conditionsnot differinggreatlyin horizontalextentfrom the average
distanceoverwhichthe measurementswere made,namely,3 miles in
cumuluscloudsand 10 miles in layerclouds. The resultsmay be made
applicable,though,to othervaluesof horizontalextentby makinguse
of the data containedin reference3 concerningthe relationbetween
maxhnunaverageliquid-watercontentand distancealongthe flightpath.

In orderto modifyvaluesof liquid-watercontentobtainedfor one
horizontalextentto be applicableto another,it has been foundneces-
saryto make threeassumptions.Theseassumptionsare that (1)the
variables,drop diameter,and temperatureare assumednot to be signif- .

..9 icantlyrelatedto horizontalextent;(2)the variationof average
liquid-watercontentwith horizontalextentis assumedto be independent
of drop sizeand temperature;and (3)the resultsfrom reference3 are

% assumedto be representativeof conditionsas theywouldbe encountered
in normalflightoperations.This last assumptionis uncertainbecause
of the limitednumberof flightsanalyzedin reference3 (11 flightsin
layer-t~e cloudsand 26 in cumulusclouds)and becausethe flightpaths
were frequentlychosenwith the aim of prolongingand maximizingthe
exposureto icingconditions. On the basis of theseamumptions, equi-
probabilitysurfacesapplicableto othervaluesof horizontalextentmay
be constructedby multiplyingall valu’esof liquid-watercontentfrom
the probabilitycurvesof figure3 to 7 inclusiveby the variablefac-
tor F presentedin figure8.

From figure8, it canbe seen that the horizontalextentselected
as being applicableto a particularicingencountercan have a consid-
erableeffecton the factor F used to modifyliquid-water-content
values. This effectis particularlypronouncedin the case of layer
cloudswhere the horizontalextentcan be very large. For exsmple,if
an icingencounterin layer clouds is consideredto ezctendover 100 miles
insteadof 10, the factorto use to modifyliquid-water-contentvalues
is about0.4 insteadof 1.0. Consequently,it is necessaryto consider

. the appropriatenessfor designpurposesof
horizontalextent(3miles for cumulusand

.a For the “instantaneous”and “intermittent”
(classesI and II as definedtherein),the

the standardvaluesof cloud
10 miles for layerclouds).
classificationsof reference5
horizontalextents
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of 1/2 and 3 miles,respectively,as assignedin reference‘j,are con-
sideredto be reasonablevaluesfor designpurposes. For the “contin-
uous“ classification(classIII),a horizontalextentof 20 miles
appearsappropriatefor design. Althoughit is realizedthat contin-
uous icingmightwell extendbeyond20 miles,reductionof the liquid-
water contentby a factorless than 0.8 (anapproximatevalueof F
correspondingto 20 mileshorizontalextent)does not appearjustified
for designpurposes. It shouldbe notedthat thesethreedesignvalues
of horizontalcloudextent,shownin figure8 by brokenlines,are sug-
gestedvaluesonlysmd do not precludethe use of the curvesfor the
estimationof the factor F by selectingothervaluesof horizontal
extent.

The Determinationof the Wobability of ExceedingAny Specified
Groupof Valuesof Liquid-WaterContentAssociatedSimul-

taneouslyWith Temperatureand Drop-DiameterValues
LyingWithinSpecifiedRanges

The equiprobabilitysurfacesdiscussedin the precedingsection
provideinformationconcerningthe simultsueouscombinationsof liquid-
water content,dropdiameter,and temperaturehavingthe sameprobability
of occurrence.Anotherusefulexpedientfor the designer,however,would
be a meansfor determiningthe probabilityof encounteringany icing 6
conditionnot includedby the valuesof liquid-watercontent,drop diam-
eter,and temperaturespecifiedas designcriteriafor a particularcom-
ponentof a thermalsystem. The basisfor such a techniquelies in

.

determiningthe probabilityof equaliqgor exceedingcertainvaluesof
liquid-watercontentspecifiedfor a numberof icingconditions.

Probabilityof encountering‘icingconditionswhich exceedcertain
specifiedvalues.-If, for a particularelementof a thermalsystemand
a chosenvalueof horizontalcloudextent,combinationvaluesof liquid-
water content,drop diameter,and temperatureare specifiedwhichthe
elementcan justtolerate,the valueswoulddefinea surfacein
T1-D-W space. Such a surfacecan be viewedas representingthe locus
of liquid-water-contentvaluesto whichthe elementis criticalover
specifiedrangesof temperaturesand drop diameters. Individualvalues
on sucha swface wouldbe obtainedthroughknowledgeof the area,rate,
and distributionof water-dropimpingementfor the particularelement.

For purposesof explanation,figure9 is presentedto showthe
locusof criticalvaluesof liquid-watercontentfor an assumedelement
of a thermalsystem. The locusof liquid-water-contentvalueswill be
termeda “marginal”surfaceto indicatethat valuesof W lyingabove
the surfacecannotbe toleratedby the elementof the thermalsystem
under consideration.In general,the shapeof the marginalsurfacein
the W-D planefor the caseof a wing elementhavinga givenheat out-
put’maybe assumedto have a shaperesemblinga hyperbola. A hyperbolic
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‘( shapeis appropriatebecausefor drop diameterslessthan the critical
diameter4for the elementunder consideration,an infinitelylarge
amountof liquidwater is tolerable;and, as drop diameterprogressively

-
increases,decreasingamountsof liquidwaterare tolerable. In any
W-T! plane,however,W will be assumedto vary from the values
of W at T’ = O to W= O at somevslueof T1’, say Tcr’>where
the heatingcapacityof the elementcan bringthe surfacetemperature
of the elementjustup to freezingtemperature(a clear-aircondition).

For convenience,the base of the marginalsurface(the T’-D plane
atW= O) is dividedinto n rectanglesof dimension AD and AT’ such
that variationsare smallin valuesof liquid-watercontentincludedby
the projectionof eachrectangleon the marginalsurface. The valueof
liquid-watercontentconsideredto be representativefor eachrectangle
is designatedas Wi in figure9. ‘I’hevaluesof T’, T, and D corre-
spondingto Wi shallbe called Ti’> Ti$ and Di, respectively.For
everyset of Wi-Di-Ti’ values, thereexistsa probabilityfunction APi
which expressesthe probabilitythat,for a randomicingencounter,the
liquid-watercontentwill exceed Wi and the drop”diameterand tempera-
ture depressionwill be withinthe ranges AD and AT’, respectively.

The n valuesof Api correspondingto the n rectanglesin the
T’-D planerepresentthe probabilitiesof the occurrenceof an event
(theoverloadingof the anti-icingelement)in n different,mutually

? exclusiveways. The probabilitythat the eventwill occuris the sum
of the probabilitiesthat it will occurin any numberof differentways

-1 providedthe differentpossibilitiesare mutuallyexclusive. (See
reference10.) Hence,the probabilityof overloadingthe givenanti-
icingelementis approximatelyequalto the sum of the partial.probabil-
itiesfor the n rectanglesaccordingto the equation

(3)

In orderto evaluate APi for each of the n rectangles,it
would appearthat a separatedeterminationof the relationship
between W and APi for each rectanglewouldbe necessary. This pro-
cedureis not practicable,however,becauseif the numberof rectangles
is chosenlargeenoughto make variationsin W smallfor each rec-
tangle,then the amountof data availableto define iSPi as a function
of W is too smallto yieldstatisticallyreliableresultsfor the
individualrectangles.Moreover,the presentationof the resultswould
requireseparatecurvesor tablesfor each rectangle. It is possible
to overcomethesedifficultiesby utilizingthe fact that the

.
4The criticaldiametermay be definedas the smallestdiameterfor which
dropswill impingeon the element. For some airfoils,the critical

. size can be estimatedby a techniqueoutlinedin NACA TN 2476 (refer-
ence 13). ~
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of tempera-
tendency
when the

liquid-watercontentis low,this effectis too smallto have an impor-
tant influencein the determinationof the totalmarginalprobability.
By makingthe assumptionthat the distributionof drop diameteris
independentof temperatureand liquid-watercontent,it is possibleto
determinevaluesof zSPi for differentcotiinationsof temperature
depressionbelowfreezing,liquid-watercontent,drop diameter>and
horizontalextent.

When,for any givencloudhorizontalextent,drop-diameterdistri-
butionis assunedto be independentof temperatureand liquidwater,the
probabilityequation

APi = pm pAT ~i(AT)

can be writtenfromanalogywith equation(l). The interpretation
equation(4)is that the partialprobabilityAPI applicableto a

(4)

of

chosenpointon the marginalsurfaceis the-prod&t ~~ threeprobabil-
ities:the probability,Pm, thatthe drop diameterwill be withinthe
interval N); the probability,Pm, that the temperaturewill lie within
the interval AT; and the conditionedprobability,~i(AT), thatthe
liquid-watercontentwill be equalto or greaterthan Wi underthe
conditionthatthe temperaturelieswithinthe interval AT.

To evaluateequation(4),valuesof PM were obtainedfromthe
frequencydistributionof all observationsof drop diameter;values
of Pm were obtainedfromthe frequencydistributionof the tempera-
ture of the most severe5icingobservationsper icingencounter;and
valuesof ~i(AT) were obtainedfromthe frequencydistributionsof

maximumliquid-watercontentper encounterfor the vsrioustemperature
intervals.Becauseof the assumptionthat drop size is independentof
temperatureand liquid-watercontent, it was not possibleto provide
exactlyfor the case in whichthe maximumobserveddrop diameterdeter-
minesthe most severeicingconditionin an icingencounter. An approx-
imateallowancewas made for this factor,however,by substitutingthe
frequencydistributionof the greatestvalueof drop diameterper
encounterovera limitedrangeof lsrgedrop diameters.

Equation(4)was evaluatedfor differenthorizontalextents,end to
do this the frequencydistributionfor maximumllquid-watercontentper
encounterwas alteredaccordingto a relationfromreference3 between
maximumaverageliquid-watercontentper encounterand the distance
alongthe flightpath.

5For the purposesof this report,the most severeicingconditionis con-
sideredas the one havingthe largestliquid-watercontent.

*

.
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‘( The partialprobabilitycharts.- In evaluatingequation(k)for
any one value of cloudhorizontalextent,numerousvaluesof APi are
possiblefrom the meteorologicaldata for differentcombinations

\ of Pm, Pm, and Wi(@= The valuesof APi, however,can be conven-
ientlysumtnarizedin the form of partialprobabilitycharts. Such
chartsare presentedin figure10 for cases1 through5 of tableI.

As is evidentfrom figure10, sevenintervalsof drop diemeterend
six intervalsof temperaturewere used in the constructionof the
charts. Theseintervalswere chosenso as to avoidlargevariations
of W encompassedby any particular AD-AT’ rectangleprojectedon
the marginalsurface. In all conceivablecombinations,the temperature
and drop-diameterintervalsprovide42 differentvaluesof APi which
must be summed(inaccordancewith equation(3))to obtainthe probabil-
ity,P, of overloadingthe particularelement.

To obtaina specificvalueof &i from a chartof figure10, the
followingprocedureis used: Choosea value of liquid-watercontent Wi
and followa verticallineuntil it intersectswith the desired
horizontal-extentline;from this intersection,followhorizontallyuntil
an intersectionwith the appropriatetemperature-intervalcurve.is
obtained;fromthe point of this intersection,followa verticalline
downwardto obtainan intersectionwith a chosendrop-dismetercurve;
a horizontalline throughthe latterintersectionyieldsthe desired

4 valueof APi on the ordinatescale. For ease in observingthis pro-
cedure,each chartin figure10 has a systemof arrowsleadingfrom

- somearbitraryvalueof Wi throughthe horizontal-extent,temperature,
and drop-diametercurvesto a correspondingvalue of’ Al?i.

It shouldbe notedthat partialprobabilitiespresentedin figure10
can be determined,for valuesof horizontalextentnot specifically
representedin the charts,by interpolationbetweenthe horizontal-extent
curves. It is not permissible,however,to interpolatebetweenthe
curvesrepresentingtemperatureand drop diametersincethe partialprob-
abilitiesare dependentupon the size of the intervalsfor whichthe
temperatureand di~eter curvesare constructed.The approximatemedism
valuesof temperatureand drop diameter,which ctmrespondto the intervals
of Ti and Di used in the chartsof figure10, are listedin tableII
for reference. Medianvaluesare used becausethe medianhas the advan-
tage that its value is not greatlyinfluencedby the chancevariations
of extremeitems. A detaileddescriptionof the techniquesused in
conAructingthe partialprobabilitycharts,with applicationto selected
cases,is presentedin appendixB.
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DISCUSSION

Reliabilityof the Equiprobabilityand the
PartialProbabilityCharts

The reliabilityof the probabilityanalysisreportedhereinis
affectedchieflyby four factors;nmely, (1) errorsof measuement~
(2)mount of data available,(3)representativenessof the data,and
(4)limitationswith respectto climateand altitude. The possible
effectof thesefactorsis discussedin the followingparagraphs.

Errorsof measurement.-As notedin reference14, the measurement
of liquid-watercontentand drop diameterby the multicylindermethod
is subjectto error. The followingfactorsmaybe listedas possible
sourcesof error: (1)runoff,(2)bounce-off,(3) evaporation,
(4)variationsin drop concentrationin the neighborhoodof the cylinders
due to disturbinginfluencesof the airplanes(5) collectionof snow
flakesas well as liquiddropsin mixed clouds,(6) inaccuraciesdue to
the theoreticaldrop-sizedistributionsdifferingfrm thoseassumedin
the calculations,(7)failureto fulfill,with the apparatusused~the
theoreticalassumptionof two-dimensionalflow, (8) irregularitiesin
the surfacesof the ice-coveredcylinders,(9) errorsin weighing,
(10)irregularbreakingof the ice when separatingcylinders,(H) errors
in measuringthe finaldiameterof the ice-coveredcylindersor in cal-
culatingthe averagediameterfrom an assumedvalueof ice density}
(X2) errorsin the measurementof airspeedand exposuretime,and
(13) errorsin matchingthe experimentaldata with the theoretical
collection-efficiencycurves.

A detaileddiscussionof the possibleeffectsof each of these
factorson the accuracyof the probabilityanalysispresentedhereinis
beyondthe scopeof this report. The problemof runoff,though,is
worthyof discussionsincethis factorimposesan upperlimitto the
range of liquid-water-contentvaluesthat can be measured. The results
of heat-transfercalculationsreportedin reference15 indicatethat the
maximumvalueof liquid-watercontentthat can be measuredwith rotating
cylindersas they are normallyused variesapproximatelylinearlywith
temperaturedepressionbelow freezing,reachingabout2 grsmsper cubic
meter at 5° F for an airspeedof about200 miles per hour. An examina-
tion of the data used in the presentanalysisindicatesthatnot more than
about 5 percentof the icingencountersin any of the casesanalyzedcon-
tainedobservedvaluesof liquid-watercontentwhichwere closeenoughto
the theoreticalmaximumsto be regardedas likelyto be influencedby
runoff. In orderto estimatethe effectof a smallpercentageof errors
of this type on the resultsof the probabilityanalysis,it is necessary
to considerthe mannerin whichthe liqtid-water-contentdistribution .

functionswere determinedfromthe experimentaldata. In this process,
the cumulativefrequencydistributionof maximumliquid-watercontent
per icingencounterwas plottedon Gumbel’sdistributionpaper,and the 9
straightline of best fit was drawnto representtl’eentiredistribution;



3H NACA TN 2738 17

-i Thus errorsin the upper 5 percentof the distributionhad only a minor
effectin the finalselectionof the lineused to representthe distri-
butionfunction. Moreover,it was notedthat in nearlyall casesthe
entiredistributionfollowedthe straightlinewith minorand apparently
randomvariationsand withoutany consistentor markedtendencyfor lsrge
negativedeparturesat the upperend of the distribution.It maybe
inferred,therefore,that the limitationon the measurementof liquid-
watercontentdiscussedin reference15 does not have an importantinflu-
enceon the resultsof this analysis.

In view of the numberand compl-ity of the possiblesourcesof
error,it is not possibleat this time to make a reliableestimateof,the
totalaccuracyof the measurementof liquid-watercontent. In a statis-
ticalanalysis,however,reasonablyreliableresultsmay be obtainedas
long as the errorsare smallcomparedto the real variationsof the
quantitymeasuredand are distributedapproximatelyat random. It is
believedthat theseconditionsare approximatelyfulfilledfor the values
of liquid-watercontentmeasuredby the multicylindertechnique.

Multicylindermeasurementsof drop diameter,on the otherhand}while
quiteaccurateand reliablefor smalldrops,becomeincreasinglyinaccurate
as the drop size increases. Moreover,the errorsare not normallydis-
tributed,sincelargepositiveerrorsare more probablethan largenega-

* tive errors,especiallyat largevaluesof drop dismeter(seereference14).
The resultof theseerrorsis an increasein the dispersionof the fre-
quencydistributionand ‘U exaggerationof the probabilityof occurrenceof

. largevaluesof drop diameter. This effectis probablynot importantfor
observationsin the easternUnitedStatesbecausein this case the drop
sizerarelyexceedsthe rangeof reliablemeasurement. In the Pacific
coastarea,on the otherhand,where largedropsoccurwith much greater
frequency,it is quitelikelythat the extremevaluesof drop diameterare
influencedconsiderablyby this factor.

Amountof availabledata.-Some conceptof the accuracyof the proba-
bilityanalysesfor the variouscasesmay be obtainedby referenceto the
numberof icingencountersfor each geographicalarea and each cloud-type
classification.Thesedata are presentedin tableI. It is notedthat
the greatestamountof data for any one case is 13.Oencountersin layer
cloudsin the easternUnitedStates. A sampleof this size is sufficient
to establishthe probabilitieswith considerableconfidenceat the 0.01
probability-level)and theextrapolationtoa probabilityof 0.001is not
likelyto introduceseriouserrors. In the remainingcases,the sample
sizerangesfrom25 to 44 encounters. In thesecases,the extrapolation
to a probabilityof 0.001may introduceconsiderableuncertainty.

. Representativenessof the data.-Anotherfactor,whichprobablyhas
as greatan influenceon the reliabilityand applicabilityof-theanaly-
sis as eithererrorsof measurementor samplesize,is the systematicbias

. introducedby the fact that all the test data were obtainedduringflights
in whichicingconditionswere deliberatelysoughtinsteadof being acci-
dentallyencountered.It is difficultto estimatethe effectof this
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factorsincemeasurementsof liquid-watercontentand cloud-dropsize .
encounteredduringordinarytransportoperationsare not yet available.
It wouldappearthat the principaldifferencebetweentransportexperi-
ence and icingresearchflightswouldbe the greaterfrequencyof encoun-

.

terswith icingconditionsin the latter. This differencealone,however,
wouldnot affectthe validityof the analysissincethe icingencounteris
takenas the unit of experienceupon whichthe analysisis based. The
questionto be consideredis whetherthe icingencounterswhich occurred
duringthe researchflightsrepresentan unbiasedsampleof the encoun-
terswhichwould occurduringnormal flightoperations.

The differencesin severityand extentbetweenicingconditions
experiencedduringresearchflightsand the conditionswhichwouldhave
been encounteredduringam ordinsmyflightin the samegeneralarea at
the samethe are of two t~es. The first‘typeoccurredin casesin
whichn~ icingwouldhave been encounteredon a normalflightthrmgh
the areabut, due to the existenceof cloudsin thin layersor localized
areas,it was possibleto experienceicingwith the test airplane.
Encountersof this type wouldbe expectedto be less severeand exten-
sive,on the average,than typicalencountersduringnormaloperations.
Differencesof the secondtype occurredin casesin whichicingcondi-
tionswouldhave been encounteredon a normalflightbut, due to a con-
sciousefforton the part of the pilot,the conditionsexperiencedby
the researchairplanewere more severeand extensive. It is evident,
therefore,that the specialproceduresfollowedduringresearchflighte
have resultedin the inclusionin the testresultsof data from icing
encounterswhichwere both more and less severe than thosewhichwot.iLd
have been experiencedundernormalqerating conditions.It is not
possibleto statewith certaintywhat is the net effectof thesetwo
t~es of differences,but it is believedthat differencesof the second
typepredominate,with the resultthat the data sze somewhat,thoughnot
greatly,biasedby the inclusionof an abnormallyhigh fh?equencyaf
severeicingcondition.

Effectof climateand eJ.titude.-Anotherfactorhavingan Lmportaut
bearingon the applicabilityof the resultsis the effectof cltmateand
flightaltitudeon the temperatureof icingconditions.It is likely
that the distributionof temperaturesof icingconditionsencounteredby
the test airplanescldselyresemblesthatwhichwouldbe foundinncnmwll.
operationsof unpressurizedairplanesduringwinterand springin the
areasstudied. Differenttemperaturedistributionswouldbe e~cted~
however,with high-altitudeairplanesor with conventionalairplanesin
otherclimatesand seasons. For acample,if an airplaneis expectedto
cruiseat altitudesof from 18,000to 28ZO00feet,wherethe te~erature
.isnormallyin the rangebetweenO and -~” F> amuch high= frequency
of icingat low temperaturesis to be ~ected and the resultsof an
analysisof icingconditionsoccurringmostlyat highertemperatures
wouldbe applicableonly to a limitedextent.
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Comparisonof Resultsof the
AnalysisWith Resultsof

Equiprobability
NACA TN 1855
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Certainvaluesof liquid-watercontent,drop diameter,and temper-
aturewere presentedin NACA TN 1855 (reference5) for considerationin
the designof anti-icingequipment. The combinationsof meteorological
variablesrecommended~however}were lackingin one resPect>n~e~> the
probabilityof occurrenceof theseparticularcombinations.Fortunately,
with the aid of the equiprobabilitycurves,some indicationof these
probabilitiescanbe obtainedwhen correspondingmeteorologicalcondi-
tionsare compared.

Four classesof icingconditionsare presentedin NACA TN 185.Ij:
1, instantaneous;II? intermittent;III, continuous;and IV, freezing
rain. All classes,exceptIV, are subdividedintotwo t~es of icing
conditions,maximumand normal,and are confinedto icingconditions
associatedwith definitecloudformationsof characteristichorizontal
extents. Hence,classesI, 11, end III are idealfot canparisonwith
the resultswhich can be obtainedfrom the equiprbbabilitycharts
(figs.3 to 7) and the relationsfor horizontalextent(fig.8).

Two groupsof icingconditionsare chosenas a basis for comparison
betweenthe analysisof this reportand NACATN 1855. The firstgroupa
consistsof icingconditionsselectedfrom the probabilityanalysisfor
the case of layer-t~e cloudswith an exceedanceprobability

. Of Pe = 0.001. The secondgroupconsistsof icingconditionsfor the
case of Pacificcoastcumulus,also with an exceedance probability
of 0.001. Thesetwo groupsare compared,respectively,with classesIII-M
and II-M from NACA TN 1855. The comparisonsare made by determining
valuesof liquid-watercontentfrom figure4 and figures3} 5$ and 7 for
the variousconibinationsof temperatureand drop diametergiven in
table I of NACA TN 1855 for classII-M and III-Mccmditions,respectively.
The threevaluesof liquid-watercontentobtainedfr~ figures3, 5,
and 7 correspondingtd classIII-Mwere averagedby weightingthe values
accordingto the horizontalextentof the regionto which they apply.
The threeregions(fig.1) have area ratiosof about1/8, 2/8, and 5/8 ~
for the Pacificcoast,plateau,and easternregions,respectively;and
thesearea ratioswere used to weightthe values of liqyid-watercontent
from the equiprobabilitychartsso that the resultingaveragevalues
wouldbe.on a comparablebasiswith the valuesexpressedin NACA TN 1855.
The weightedaveragevaluesof liquid-watercontentwere correctedby
figure,8to make them applicableto a horizontalextentof 20 miles,a
figurereasonablyapplicableto the layer-clouddata of NACA TN 1855.
For classII-M conditions,no correctionfor horizontalextentwas
requiredbecausethe valuesin NACA TN 1855 and figure& both applyto
3 mileshorizontal-cloudextent.

i The resultsof the comparisonsbetweenNACA TN 1855 and the proba-
bilityanalysisare shownin tablesIII and IV for classes11-Mand 111-M,
respectively.In general,the liquid=water-contentvaluesagreequite
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closely,exceptat temperaturesof -4° F and below. In this low tempera- .
ture range,the valuesof liquid-watercontentderivedfrom the equiprob-
abilitysurfacesare considerablylowerthan valuesgivenin NACA TN 1855.
The reasonis thatthe probabilityanalysisentailssomeextrapolationin -
thistemperaturerange,and so may not provideexactlythe correctvalue
of liquid-watercontent. On the otherhand,the valueslistedin
NACA TN 1855 are not restrictedto actualmeasurements,and thereforemay
not be of precisemagnitude. For designpurposes,however,the values
givenby the probabilityanalysisshouldbe of propermagnitude. In this
regard,it shouldbe notedthat the majorityof the data utilizedin the
probabilityanalysiswas takenat comparativelylow altitude(13,000feet),
whereasthe temperaturerangebetween-4°F and -40°F representsconsider-
ablyhigheraltitudes(18,000to 28,000feet). This differencein altitude
couldhave somebearingon the accuracyof the probabilitydata,particu-
larlyat veryhigh altitudes.

By a proceduresimilarto that used in the comparisonsfor the two
examplecases>the correspondencebetweenclassesdf icingconditions
representedby the equiprobalailitychartsand otherclassesof conditions
presentedin NACA TN 1855 couldbe ascertainedapproximately.The corre-
spondencefor theseclassesof conditions,and also for the two example
cases,me shownin tableV.

An inspectionof tableV revealsa consistencybetweenthe,classes
of designvaluesrecommendedin NACA TN 1855 and specificvaluesof P

exceedanceprobabilities.Only the instantaneousmaximumicingcondi-
tion (Pe = 0.0001)appearsto be incongruouswith the maximumconditions
in classes11-Mand III-M (Pe= 0.001). This apparentincongruityis
directlyattributableto the fact that the instantaneous maximumcondi-
tion presentedin NACA TN 1855was calculatedfor tall.tropicalcumulus
clouds. Such extremelysevereicingconditionswould,of course,be
exceededinfrequentlyas is borneout by the probabilityanalysis=
Jkotherpointof interestin regardto tableV is the generalorderof
magnitudeof the exceedanceprobabilitieswhichare foundto applyto
the variousclassesdf icingccmtitionsspecifiedin NACA’2N1855. For
example,any one of the icingconditionslistedunderclassII-M (inter-
mittentmaximum)or classIII-M (continuousmaximum)will.be exceededonce
in only abouta thousandencounterswith icing conditions. It is believed
that the icingconditionsspeeifiedbyclassesII-Mand III-Mdo not
imposetoo severedesignrequirementsand, therefore,if the ice-
preventionsystemwill copewith theseconditions,the resultsof the
probabilityanalysisindicatethat satisfactoryice protectionwouldbe
providedfor the vastmajorityof icingencounters.

USE OF TEE EQUIPROBABILITYAND PARTIALPROBABILITY
CKKRTSAS APPLIEDTO THE DESIGNOF THERMALICE-

PREVENTIONEQUIPMENT

Heretofore,no informationhas been availableregardingthe prob-
abilityof encounteringicingconditionswhich exceedcertainspecified
values,so that somediscussionof probabilityas appliedto the design
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of thermalanti-icingequipmentseemsworthwhile. In general,two design
-% problemsexist:one problemis to establishconsistentsimultaneouscom-

binationsof liquid-watercontent,drop diameter,and temperaturewhich
. can occurin nature,and the otherproblemis to determinehow effectively

a giventhermalelementof an anti-icingsystemwill copewith the entire
arrayof icingconditionsexistingin nature. It is the purposeof the
equiprobabilitychartsto aid in the solutionof the firstproblem,whiXe
the partialprobabilitychartsare intendedto aid in the solutionof the
secondproblem.

The EquiprobabilityCharts

The eqyiprobabil.itychartsessentiallyare a meansto determine
quicklyconsistentsets of liquid-watercontent,temperature,and drop-
dkmeter valueswhichhave the sameprobabilityof being exceededd~ing
icingencounters. Sets of such valuesobtainedfrdm the equiprobability
chartscan be used as criteriafor the designof thermalanti-icing
eqtipment. No need to use these chartsexistsif it is ftmndthat
tableVwill definea classof conditionsfrom NACA TN 18=55suitablefor
the needsof the particulardesignproblem. However,shouldit be
desiredto design,say,a jet-engineinletduct for an exceedanceprob-
abilityof 0.001 (onlyone chancein a thousand”ofexceedinga specified
amountof liquidwater),tableV would not be of help because&xrrespond-
.ingicingconditionsfrom NACATN 1855 are not definedfor this partic-

% ul.arcase. Hence,reliancewould.have to be placedon the equiprobability
chartsin orderto establishconsistentsets of valuesfor a chosen
valueOf Pe..

Generalprocedurefor usingthe equiprobabilitycharts~-The fol.l.ow-
ing procedurefor the use of the equiprobabilitychartsis suggested:

1. Determinefor what classof icingcondition(1, II, or III of
NACATN 1855)a designis to be made by consideringthe natureof the
componentto be protected. (SeetableV.)

2. Establishthe severityof icingconditionwithinthe classby
selectingthe exceedanceprobabilityfor which the componentis to be
designed. (SeetableV.)

3. With the aid of tableV and steps1 and 2, detetine what equi-
probabilitychartto use in definingvaluesof W consistentwith dif-
ferent setsof T and D. The selectionof chartscanbe made by noting
the type of cloudformationapplicableto the class (i.e.,1, 11, or III)
and severityof icingconditionestablishedin steps1 and 2. For cumulus
clouds,it is suggestedthat the chartsfor the Pacificcoastareabe
used for designpurposesratherthan the chartsfor the plateaumea.

. The reasonis that,untilmore data are availablefor the eastern
UnitedStates,Pacificcoastcumulus-clouddata shouldprovideliquid-
wate,r-contentvaluesthat are conservativefor the remainderof the+
UnitedStates. For layerclouds,however,it is suggestedthat the
chartsfor all threegeographicalareasbe used for designpurposesby
usinga weightedaverageof liquid-water-contentvaluesfrom the three
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charts. The justificationfor usinga weightedaverageis that layer
cloudscanbe regardedas being structurallycontinuousover exceedingly
largegeographicalareas;consequently,only averagevaluesof the
parametersdefiningan icingconditionwould seemto havemuch signif-
icancein the designof an anti-icingcomponentfor layercloudsexist-
ing throughoutthe UnitedStates.

4. From the appropriateeqtiprobabilitychsrt,choosevalues
of W correspondingto a varietyof setsof T and D. In the case of
layerclouds,wheremore than one chartmay be employedto determine
valuesof W, a suitableweightedaveragefor the entireUnitedStates
can be obtainedby weightingthe IJ@id-water-contentvaluesfor the
Pacificcoast,plateau,and east coastregions,in the ratiosof 1/8, 2/8
and 5/8,respectively.Theseweightratios,1/8, 2/8, and 5/8, are pro-
portionalto the threegeographical.areasand may be consideredas
approximatelyaccountingfor the lengthof time that an airplaneflying
transcontinentallywouldbe in eacharea.

5. Multiplythe valuesof W determinedin stepkby a factor,
chosenfromfigure8, for includingthe effectof horizontalextentof
cloudformation. The factorchosenshouldlie withinthe raageof
horizontalextentindicatedin figure8 for the particularclassicing
conditionestablishedin step1; it shouldcorrespondalso to the curve
for the exceedanceprobabilitydecidedupon in step2. Recommended
valuesof the factorcorrespondto valuesof horizontal~tent identi-
fied in figure8 as designvalues. Thesedesignvalues are for cloud
horizontalextentsof 1/2, 3, and 20 milesand correspondto icingcon-
ditionclasses1, 11, and 111,respectively.

Exsmpleshowingthe use of the equiprobabilitycharts.-For this
exsmple,a designof a jet-engineinlet-guidevanewill be assumedin
which it is desirableto protectagainstthoseicingconditionshating
a probabilityof beingexceededonce in a thousandicingencounters
(Pe = 0.001). The stepsin determiningsetsof valuesof W, T, and D
are:

1. From tableV, jet-engineintakesare recommendedto be designed
for classI icingconditions.

2. The exceedanceprobabilityfor whichthe designis to be made
is Pe = 0.001.

3* In tableV, Pacificcoastcumuhs cloudsare consideredtypical
for classI icingconditions.Hence,equiprobabilitychartsfor
Pacificcoastcumulus(fi~h(c)) are chosenfor obtainingvaluesof
liquid-watercontentcorrespondingto variouscombinationsof temperature
and drop diameter.

.

4. Valuesof W selectedfrom figurek(c)for differentarbitrar-
ily chosensetsof T and D are presentedin the followingtable:
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InstantaneousConditionsCorrespondingto
T

[Ikmizontal%;n~”~% considered]

. w T D

2.63 32
2.39 10
1.91 0 15
1.20 -lo

●55 -20

1.50 32
1.02 10

●9O o 30
.kg -lo
.18 -20

● 57 32
.49 10
.32 0 45
.13 -lo
● 01 -20
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5. Fran figure8, it is determinedthat the factorby whichto
multiplythe liquid-water-contentvaluespresentedin step 4 is 1.3.

. This particularvaluecorrespondsto the designvalueof cloudhorizontal
extentsuggestedin figure8 for classI (i.nstantaneaus)icingconditions
with Pe taken

-, valuessuitable
as 0.001. A tabulationof the finalliquid-water-content
for designpurposesis presentedin the followingtable:

InstantaneousConditionsCorrespondingto
Pe = 0.001

[Horizontalcsctentconsidered]

WIT

n3.44 32
3.11 10
2.48 0
1.56 -lo
.71 -20

1.95 32
1.32 10
1.17 0
.63 -lo
.23 -20

.74

.63 E

.41 0

.17 -lo
● 01 -20

D“

15

30

45
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to note that the exceedance
icingconditionlistedand not

PartialProbabilityCharts

The partialprobabilitychartsessentiallyprovidea rapidmeans of
determiningthe approximateprobabilityof exceedingsay specifiedgroup
of valuesof liquid-watercontentassociatedsimultaneouslywith tempera-
ture and drop-diametervalueslyingwithinspecifiedranges. Thus,if
an anti-i~ingcomponent(e.g.,unit span of a jet-inletguidevane)is
desi~ed by the methodof reference16 to withstanda constantvalue8
of weightrate of water-dropimpingementMt, as computedfrom a partic-
ular set of valuesof liquid-watercontent,temperature,and drop diam-
eter,and if othercombinationsof thesesamevariablesare fouudwhich
correspondto the sameweightrate of drop impingement,then the prob-
abilityof encounteringconditionsunderwhichthe componentwill not
performsatisfactorilycan be determinedapproximately.The calculation
of this probabilitycan be performedwith the aid of the partialprob-
abilitycharts(fig.20).

Generalprocedurefor usingthe partialprobabilitycharts.-To use
the partialprobabilitycharts,the followingprocedureis suggested:

.

.

.

1. Establishvaluesof liquid-watercontent,Wi, for variouscom-
binationsof drop diemeterand temperature,whichare regardedas crit- -
ical (a marginal.surface)for a givencomponentof a thermalsystem.
Valuesof Wi cem be obtainedby computingvaluesof liquid-watercontent
requiredto providea constantweightrate of water impingementon the
component.The equation

Mt
Wi =

o.33Emvtc
(5)

%e choiceof a constantvalueof weightrate of water-dropimpingement
ratherth=, for example,the use of the snmuntof heat to raisethe
surfacetemperatureto 32°F, provides,accordingto reference16, a
reasonablebasisfor estimatingthe probabilityof encounteringan
icingconditiontoo severefor the ice-protectionequipment. The
amountof heat suppliedfor the particularweightrate of water impinge-
ment selecteddependsupon the type of protectionreqtiredfor the
component,that is, whether,for exsmple,all the water impinging
shouldbe evaporatedinsteadof havingthe surfacetemperaturemerely
broughtto 32°F. Sincefor variouswater-dropsizesand temperatures
the emountof heatrequiredfor protectionis not uniquefor a given
weightrate of water-droptipingement,the marginalsurfacewill not .

representthe seinedegreeof protectionfor all cotiinationsof drop
sizeand temperature.However,it will very nearlydo so. As a result2 ,
the probabilityvaluecomputedfromuse of the marginalsurfaceis not
exactlycorrect.
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-, derivedin reference16, can be
a functionof drop diameterand
of theselattertwo variables.

25

used to calculatethe valuesof Wi as
temperature,since ~ is a fuuction
The particularvalueof M+. used to

calculatevaluesof Wi is obtained-byinsertinginto equ&tion(~)
initialvaluesof Wi, ~, V, t, and c correspondingto a selected
xneteorol.ogicaldesignconditionand airfoilqection. The appropriate
valuesof ~ to empleyin equation(5) for the chosenvalues
of V, t, and C must be determinedby using sometype of water-&rop-
trajectorycalculation,suchas presentedin refereuce13. When using
equation(5)to obtainvaluesof Wi, the computationsshouldbe made
for all the possiblecombinationsof Ti and Di listedin tableII.
In total,thereare ~ such combinations.

2. Determinethe probability,APi, of exceedingeach of the values
of liqtid-watercontent,Wi, determinedin step 1. To determinea
specificvalueof APi from a particularpartial.probabilitychart
presentedin figure10, the procedureis as follows: Followa vertical
line representingthe liquid-watercontentuntilthe line intersectsa
horizontal-extentline. From the horizontal-extentline,followhori-
zontallyuntilan intersectionwith a temperature-intervalcontouris
obtained. From this intersection,followa verticalline downwardto
obtainan intersectionwith a diameter-intervalline. A horizontalline
throughthis latterintersectionyieldsthe value of APi on the ordi-
nate scale. When it happensthat a horizontalline drawnfrom the

k horizontal-extentcurvewill not intersectthe desiredtemperature-
intervalline,all that can be saidaboutthe valueof APi for a given
dismeterintervalis that it is smallerthan the value the horizontal

●
linewould indicatewhen projectedto the extremeleft side of the par-
tial probabilitychart. Suchvaluesare usuallysmallenoughto be
neglected.

3. Establishthe probability,P, of exceedingall the valuesof
liquid-watercontentdefinedin step 1. This probabilitymay be obtained
by sunmingall the individualvalues of &i, determinedin step2, in
accordancewith equation(3). The numberof APi valueswhichmust be
summedis 42, sincethis numberrepresentsall combinationsof tempera-
ture and drop diameterpossibleby usingthe chartsof figure10.

Exampleshowingthe use of the partialprobabilitycharts.-The
exampleof the jet-engineinlet-guidevsae will be continuedto demon-
stratethe use of the partialprobabilitychartsfor a vane section
assumedto he heatedto 100-percentchord. The startingpoint of this
exsmplewill be takentith establishedsets of valuesof liquid-water
content,drop dismeter,and temperaturethat definea marginalsurface
for a unit span of the vane. Thesesets of values,which are presented
in tableVI, will.be presumedto have been obtainedby calculating
valuesof Wi from equation(5),usinga particulardesignicingcondi-
tion from the equiprobabilitycharts. The particularicingcondition
presumedto havebeen selectedfor the computationsis one takenfrom
the exsmpleuse of the equiprobabilitychartsand definedby the following



26 NACA TN 2738

values: W = 2.48 gramsper cubicmeter;T’= 0° FJ D = 15 microns;and
cloudhorizont~ extent,0.5 mile. With theseavailabledata,the steps
employedto use the partialprobabilitychsrtsare:

1. Valuescd’ AFi are selectedfromthe marginalprobability
chartsfor Pacificcoastcumulus(fig.10(b))to correspondwith the
conditionschosenfrom the equiprobabilitychartsfor a horizontal
extentof 0.5 mile. The resultsare tabulatedin tableVI for the 42
differentpossiblecombinationsof Ti and Di.

2. The probabilityof encounteringan icingconditionlyingout-
sidethe surfacedefinedin W-T’-D spaceby the Wi-Ti-Di values
listedin tableVI is obtainedby addingthe partialprobabilitiesfound
for the variousconditionspresentedin the table. In the summation,
valuesenteredin tableVI as being less than a certainspecifiedamount
are neglectedbecausethe valuesare exceedinglysmald.and not exactly
determinedin magnitude. Thesevaluesarisefrcmthe fact that the
chartsare not constructedto encompassquitesmallvaluesof APi. For
the exayplepresentedin tableVI, the value~f the probability,P, was
foundtobe 0.0657. The valueof 0.0657canbe interpretedto mesa that
in approximately93 out of 100 icingencountersthe values of liquid-
watercontent,for all combinationsof drop diameter,will lie belowthe
marginalsurfaceand hencebe encanpassedby the design.

C!ONCLUDINGREMARKS

!t!beequiprobabilitysurfacesand marginalprobabilitycalculation
chsmtspresentedhereinprovidezfor the UnitedStates,a representation
of the data now availableon the meteorologicalfactorsresponsiblefor
aircrafticing,expressedin termsof the probabilityof exceeding
variouscombinationsof valuesof thesefactors. The usefulnessof the
resultsis limiteds-what by the amountof data available;errorsof
measurement>especiallyat largevaluesof drop diameter;nonrepresent-
ativenessof the fli@t proceduresduringresearchfli@rks;and limited
altitudesad geographicalextentof the researchflightprogram.

In spiteof theselimitations,the probabilityamalysispresented
doesprovidean indication,heretoforeunavailable,of the combinations
of icingconditionshavingequalprobabilityof being exceededin the
UnitedStates,and also the probabilityof =xceedinga specialset of
icingconditions.Also, a procedurehas been establishedfor the sta-
tisticalanalysisof futureicingmeteorologicaldata obtainedon a
world-wideba~is.

“

.

Ames AeronauticalLaboratory
NationalAdvisoryCmmittee for Aeronautics

MoffettField,California,April 18, 1952
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. APPENDIXA

DETAILSOF DETERMININGTEE EQUIPROBABILITY
.

SURFACECONTOURS

The distributionfunctionsused in the equiprobabilitystudyare
the normaland the Gumbelprobabilitydistributions.Graphic~ methods
were used to evaluatethe distributionsby usingnormal-probability
graphpaperfor the normaldistributionsend a speciallyconstructed
paper for the Gumbeldistributions.These special
have the propertythat the cumulativedistribution
sentedby straightlines.

The Gumbeldistribution,takenfrom reference
equation

In equation(Al),the constant u is the mode and

types of graphpaper
mxcvesare repre-

11.,is givenby the

(Al)

a is a quantity
whichmeasuresthe concentrationof the frequencydistributionaboutthe
mode. Sinceon the speciallyconstructedGumbeldistributiongraphpaperd
eqyation(Al)will appearas a straightline, it is desirableto define
the lineby specifyingtwo pointson the curve. For the PUI’POSGSOf
this analysis,the pointsare chosenat which the probability PG has.
the valuesof 0.63and 0.05. The valueof PG = 0.63 maybe foundby
placing x = u -andthe value of PG = 0.05 may be foundby
placing a(x-u)= 3.0.

When a straight-linefit couldnot be obtainedfrom the data by ,
usingGumbeldistributionpaper,an arbitrarysmoothcurveon normal
probabilitypaperwas used to representthe distributionfunction. This
procedureconservedthe essentialform of the observeddistribution,
smoothedout the irregularities,and provideda reasonablebasis for m

limitedextrapolation.

Cases2 and 5 (tableI) are used to demonstratehow the normaland
Gumbelprobabilitydistributionswere appliedto the data sincethese
caseswere the ones in which the largestnumberof encounterswith icing
were recorded. As mentionedin the text,the generalprocedureis to
evaluatethe functions Q(Tr),R(W,Tt),S(D,W,Tf),R1(W,D,T’)
and S1(D,T’).

Case2, CumulusCloudsin the PacificCoastArea

The distributionfictions.- The distributionof the temperature
# depressionbelow freezingof the most severeicingconditionin each

itingencounterfor this case is shownin figure11 plottedon Gumbell$’
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distributionpaper. In this figurethe brokenline representsthe
observedvaluesand the straightline is the estimatedline of best fit.
This line definesthe function Q(T’).

The distributionof maximumliquid-watercontentper encounterwas
plottedfor all valuesof T~ equalto or greaterthan each of the
followingvalues: o, 8, E, 17, 22, 27, 28, 32, and 37. The plots
for T’~0, and T’~27 are presentedin figure12. The valuesof the
distributionparameters,WO=63 and W0.05,obtainedfrom thesedistribu-
tionsand plottedas functionsof T’, are showmin figure13. The
smoothedcurvesin figure13 definethe liquid-water-contentdistribu-
tion function,R(W,T’). Thesecurveswere drawnto the spontaneous
freezingtemperature,T’ s 72 FO.

The distribution,S(D,W,T’)of drop sizeto be used tith the dis-
tributionof maximumliquid-watercontentper encounteris to be deter-
mined for all observationswith W and T’ greaterthan certainvalues.
Smallvaluesof W need not be consideredin this case sinceconditions
of small W and large D are to be expressedin termsof Sf and Rr.
The distribution,S(D,W,T’),of dropdiameterfor all values of Tr~O
and W~O.~ is shownin figure14 plottedon normalprobabilitypaper.
Similarplotswere made for W~O.5, T’>22, and W>O.8, Tr>O; and
sincethesedistributionswere very similarto the one for W20.5>
T’ZO, a statisticaltest,the chi-squaretest (reference17) was
appliedto test the significanceof the differences.The resultsof
this test showedthat the differencesbetweenthesedistributionswere
m greaterthanwouldbe expectedas a resultof randomsampling;hence
it was concludedthat any dependenceof S upon W and T’ for values
of W~O.~ was too smallto be reliablyindicatedby the data. Accord-
ingly>the distributionS(D,W,T’)shownin figure14 was used for all
valuesof WZO.5.

In orderto definethe equiprobabilitysurfacesin the region
where W is smalland D is large,the distributionsS’(D,T’)
and R’(W,D,T’)must be determined.The distribution,S1(D,T’),of
the maximumvalueof D per icingencounterwas examinedfor Tt&O,
Tt~22, and Tl~32; and the applicationof the chi-squaretest to these
distributionsindicatedthat therewas no significut detectabledepend-
ence of S’ on temperature.The distribution,S1(D,T’),for TIZO is
shownin figure15.

In orderto determine R1(W,D,T’),the distributionof W for large
valuesof D, this distributionwas plottedfor the followingcases:
D>20, Tt~O; DZ30, Tt~O; D~44, Tt~O; D~20, T1Z22; and DZ30, Tt222.
A–studyof thesedistributionsindicatedthat therewas apparentlyno
effectof T’ on the variationof R’ with W. Therewas, however,
a significanteffectof D on the variationof R’ with W.
Figure16 showsthe distributionsfor Tt~O and D?20, 30, and 44.
Figure17 showsthe parametersdefiningthe Rt distributionsfor
Tt>O plottedas a functionof D. It is likeLythat the fathu?e
of-thedata to showfor largevaluesof D a decreaseof W with

●

✎
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9 increasing T?, as was the case in figure13, is due to
insufficientdata are availablefor largevaluesof D
function R! when T? is greaterthan 22, sinceit is

29

the fact that
to definethe
only in this

# rangethat the function R ‘becomesstron~y dependentupon-T’. In
the absenceof more completeinformation,it has been assumedthat
when T’>22, the dependenceof R’ on T’ is similarto the dependence
of RonT’. Accordingly,the valuesof the R’ distributionparame-
ters (themode Woa and the fifthpercentile Woa5) shownin fig-
ure 17 are alteredto obtainvaluesof the distributionparameterswhich
are consideredapplicablewhen Tt>22. The factorused to alterany
particularvalueof W presentedin figure17 is establishedfrom fig-
ure 13 by formingthe ratioof the valueof W at a selectedvalue
of T’ to the valueof W applicableto valuesof T~~22. The values
of Wo.e3 ‘d ‘0.05 which definethe function R? were obtainedin
thismanner,and are presentedin tableVII.

Constructionof the equiprobabilitycontours.-Afterthe distribu-
tion functionshave been established,the equiprobabilitycontoursfor
varioustemperaturedepressionscan be determined.The following
examplesillustratethe use of the probabilitiesQ, R} S, R’, and Sr
in determiningthe equiprobabild.tysurfacefor Pacificcoastcumulus
cloudscorrespondingto an exceedanceprobabilityof 0.01. For a value
Of Pe = O.01~the equation

.

appliesto largevaluesof*

appliesto smallvaluesof
two equiprobabilitysurface
for Tt = O and T’ = 32.

QRs = 0.01 (A2)

W. Similarly,the equation

Q-RIS?= 0.01 (A3)

W. In evaluatingequations(A2)and (A3),
contoursare selected. Thesecontoursare

TableVIII showsthe calculationof W,Largevaluesof W:
usingequation(A2)for variousarbitrarilychosenvaluesof D.- Com-
putationsare shownwhen T! = O and when T! = 32.

When T? = 0, it shouldbe notedthat Q = 1.0. Thus,equa-
tion (A2)becomes

R = 0.01/s (Ak)

The valuesof S necessaryin equation(A4)to calculatevaluesof R
for variousvaluesof D are obtainedfrom figure14. Valuesof R
calculatedfrom equation(A4)are used to definethe desiredvalues
of W on the curvedepictingthe distributionfunction R(W,T1)for
a valueof T’ = O. This functionis definedas a straightline on
Gumbeldistributionpaperby establishingthe valuesof W for the
mode and at the fifthpercentile. The values,Wo.eaand WoCo@ used
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in definingthe straight-linedistributionof R(W,T+)are obtained
from figure13 correspondingto a valueof T1 = O. For thispartic-
ular case,the resultwouldbe the sameas presentedin
The desiredvalues of W chosenfrom the straight-line
for the calculatedvaluesof R are presentedin table

When T1 = 32, Q is fomd from figure11 to have
of 0.176. Hence,the equationexpressingvaluesof R

0.01R=—
o.276s

Valuesof S requiredto solveequation

figure12.
distribution
VIII,part (a).

the value
iB

(A5)

(Afj)are obtainedagainfrom
figure14 for vakiousarbitrarily-selected&op diameters. ~o find
valuesof W to whichthe calculatedvalues of R correspond,it is
againnecessaryto establish R(W,T’)as a straight-linefunction
of W on Gumbeldistributionpaper. The two pointsrequiredto
establishthe straight-linevariationare the values of W at the
mode (Wo~a] and at the fifthpercentile(W0.05). Thesevalues,for
a valueof T: = 32, are foundfrom figure13 tobe Wo.Ga = 0.28
=d woeo5 = 1.26. The valuesof W foundfrom the straight-line
variationof W withR(D,Tr)are tabulatedin tableVIII,part (b),
alongwith the correspondingvaluesof D} S, and R.

511 valuesof W: Sectionsof the equiprobabilitycontours
correspondingto smallvaluesof W are calculatedin identicallythe
samemanneras for largevaluesof W. In both the case of T! = O
and of T! s 32, values Of s’ were obtainedfrom figure15 for cal-
culatingvaluesof Rs fromthe equation

RI= P/Qs‘

The valuesof W at the mode and the fifthpercentilefor defining W
as a functionof RS(W,D,T’)were obtainedfrom tableVII. The calcu-

lationsfor T; = O are presentedin table IX, part (a),and the cal-
culationsfor T’ = 32 are presentedin tableIX, part (b).

Intermediatevaluesof W: From tablesVIII emd IX, equiprobabil-
ity curvescazbe plottedfor both high and low valuesof W, as is
shownin figure18. For the intermediatevaluesof W, however,the
finalequiprobabilitycontoursmust be obtainedby joiningthe upper
and the lowerportionsby a smoothconnectingline,shownby a broken
line in figure18. The upperportionsof the finalcontoursrepresent
maximumvaluesof liquid-watercontentper icingencouuterand the
correspondingdrop diameter;the lowerportionsrepresentmaximumdrop
sizeper encounterand the correspondingliquid-watercontent;end the
intermediateportionsmay representeitherone of thesecombinations.

.

.

F



NACA TN 2738

The equiprobabilitycontourspresentedin figure18 are an
incompleteset of thosepresentedin figurek(b).

31

Case 5, LayerCloudsin

The distributionfunctions.-The

EasternUnitedStates

distributionof the temperatureof
the most severeicingobservationin each icingencounterfor this case
is sHownin figure19. Sincea satisfactorystraight-linerepresents.
tion couldnot be foundfor this frequencydistribution,the smooth
curveon normalprobabilitypapergivenin figure19 was used to define
the function Q(Tt).

The distributionof maximumliquid-watercontentper icing
encounter,R(W,T~),was plottedfor valuesof T’ equalto or greater
than O, 7, 12, 17? 22, and27. The curvesfor T?~O and T’>17 sxe
presentedin figure20. The valuesof Wo.~~andWo 05 obtainedfmm
each of the six distributioncurveswere plottedas hctions of T!
(flg. 21), and smoothcurveswere drawnto representthe distribution
parameterswhichdefinethe function R(W,T’).

The distributionof drop diameterfor valuesof W20.~ and T’20
is shownin figure22. As in case2, this distributionwas foundto bed approximatelyindependentof W and ~’ for valuesof W
than 0.2. The curvein figure22 was, therefore,used to

. function S(D,W,T1).

The distributionof the largestvalueof D, S’(D,T)

greater
representthe

observedin
each icingencounteris shownin figure23. This distributioncurve,
whichwas foundto be approximatelyindependentof T’, was used to
definethe function Sr(D,Tt).

In orderto determine R~(W,D,T~),the distributionof W corre-
spondingto largevsluesof D, the distributionof W was plottedfor
all valuesof T’ and for valuesof D equalto or greater
thau 1~, 17, 19, 21, 23, and25. Valuesof Wo.ea and WOC05 for each
of thesedistributionswere plottedagainst D as shownin figure24.
As a resultof the smallamountof data availablefor largevalues
of D, thereis a considerablescatterin thesedistributionparameters.
The smoothcurvesshownin figure24 were drawnto representapproxi-
matelythe dependenceof R’ upon D. To determinethe dependence
of R’ upon T’, casesof D~17 were chosensincet~s -s the
largestvalueof D for which sufficientdata were availableto provide
a reasonablyreliablesample. Distributionsof W for DZ17 and T’ZO,
12, and 17 were plottedand the resultingvaluesof Woae~ and WO=05
from thesedistributionswere used with the data from figure24 to pro-
vide the basis for the constructionof a set of curvesdefiningthe

4 parametersof the distribution,R‘(W,D,T’), (fig.25). Curvesrepre-
sentingvaluesof Wo=a and Wo~05 for D~17 were drawnthroughthe
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datapoints (fig.25)>usingthe shapeof the curvesof figure21 (the
distributionparametersfor R) as a guide. The curvesfor othervalues
of D were then drawnfromthe pointsdeterminedby the values
for T! = O (obtainedfrom fig.24) tn sucha way as to conformto the
patternestablishedby the curvesfor D217. Thesecurvesdefinethe
function R1(W,D,Ti).

Valuesof the probabilityterms,Q, R, S, Rt, and St, were obtained
with the aid of figures19, 20, 22, 25, and 23X respectively,and were
used to constructthe equiprobabilitysurfacesfor valuesof Pe ~
frcm 0.1 to 0.001,which&me presentedin fi~e 7.

Cases1, 3, andk

By followingproceduressimilarto thosedescribedtithe preceding
examples,equipmbabilitysurfacesalso couldbe determinedfor the
followingcases: (1)layercloudsin the Pacificcoastarea (fig.S)j
(2)layercloudsin the plateauarea (fig.~); and (3)cumuluscloudsin
the plateauarea (fig.6). The case of cumuluscloudsin the eastern
UnitedStateswas omittedbecauseof insufficientdata.
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.
APPENDIXB

DE!I?AIISOF THE EREPARATIOI’?OF THE PARTIAL.

PROBABILITYCHARTS

The same casesas were used in describingthe constructionof’the
equiprobabilitychsrtswill be used to describein detailthe construc-
tion of the pmtial probabilitycharts. The generalprocedurein con-
structingthe chartsis firstto evaluatethe equation

The resultingvaluesof APi for differentcombinationsof’liquid-water
contentand intervalsof drop diameterand temperatureare then arranged
into

. this

a graphicalform for convenientuse.

Evaluationof APL

Case 5, layercloudsin easternUnitedStates.-
casenreobtatied from figure19 whichprovides

the probabilitythat the temperaturedepressionwill

Valuesof Pm for
informationas to
be lowerthan any

particularvalue. To find a valueof Pm (theprobabilitythat the
. temperaturewill lie withinthe interval AT) froIufigure19, it is only-

neeessaryto take the differencebetweenthe probabilitiesindicatedfor
the two chosenlimitsof AT. Valuesof Pm determinedfrom figure19
are presentedin tableX, p=t (a),for selectedtemperatureintervals.

Valuesof Pm (theprobabilitythat a drop dismeterwill lie within
the interval AD) were obtainedin a mannersimilb.rto that used in
obtainingvaluesof Pm. In this case,however,a compositedrop-
diameterdistributioncurvewas used in orderto allowapproximatelyfor
the occurrenceof icingencountersin whichthe conditionsof maximum
severityare determinedprimsrilyby drop sizeratherthan liquid-water
content. The compositedistributioncurveis presentedin figure26
wherethe probabilityvaluesin this specialcase sre called S“. As
cam be seenfrom figure26, the compositedistributioncurvefollows
the distributionof all observedvalues of drop diameterfor the lowest
90 percentof the distributionand the distributiondf maximumobserved
valueper encounter(fig.23) for the highest1 percentof the cases.
The intermediate9 percentof the casesis representedbya straight
line connectingthe two distributions.Valuesof Pm determined
throughuse of figure26 are presentedin tableX, part (b),for/-
selecteddrop-diameterintervals.

4 In orderto determinevaluesof ~i(AT), firstthe distributions
of maximumliquid-watercontentper encounterwere plottedon Gumbel
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distributiongraphpaperfor each of the chosentemperatureintervals
‘above-9.7 F in a mannersimilarto that done in figure20 for two
rangesof valuesof T?. Valuesof Woa63and W0.05 thus couldbe
obtaiqed;and thesevalueswere plottedas a functionof temperature
and extrapolatedto obtainvaluesof Wo.G~and WOC05 applicableto
temperatureintervalsbelow -9.5°F. The resultingvaluesof Wo=Ga
and WO=05 for all temperatureintervalsare presentedin tableX,
part (c). In addition,thereare presentedvaluesof W whichwere
chosenarbitrarilyfrom the straight-linedistributionestablishedby
the two points,WO=63and W ●05.

?
Correspondingto the selectedvalues

of W existvalues of PWiAT) which also can be read frcnuthe strai@-
Iine distributiondefinedby the points WoC6a and Wo.05. TheseVdUes
of Pwi(AT)sre also presentedin tableX, part (c).

After the valuesof Pm, Pm, and Pwi(AT)are determined,values
of APi can be determinedsimplyby multiplyingthe constituentprob-
abilitiestogetherfor variousccnibtnationsof liquid-watercontentand
intervalsof temperatureand drop diameter. Such computationsare sum-
marizedia tableXI for two temperatureintervals(32.0°to 20.5°F
and 20.5°to 10.5°F), two drop-sizeintervals(O to 9.5 microns
and 9.5 to 12.5microns)and a rangein liquid-water-contentvalues.
The valuesof @ listedin the tableare onesWMch canbe obtained
throughuse of the patia3 probabilitycharts.

Othercases.-The quantitiesused in calculatingvaluesof iSP~
for the remainingeasesstudiedwere obtainedin the samemanneras
case ‘j,with one exception. In case2, the Ustribution of the greatest
drop diameterper encounterwas used for the upper5 percentof the
diameterdistributioninsteadof the upper1 percent. T!hereasonfor
this deviationwas becauseof the greakerfrequencyof encountersin
which the most severeicingconditionwas deterruinedby the maximum
valueof drop size.

ExampleConstructionof the PartialProbabilityCharts

Ratherthan computevaluesof AFi everytime they ae reqtired~
use of the data presentedin tableaX and XI in chartform is a great
convenience.~ general,the techniqueof constructinga suitablechart
for evaluatingvahzesof AJ?i utilizesthe relation

in sucha manuw that the chartperformsthe functionof addingthe
right-handterms in the equation.

(Bl)

The variousstepsQ the constructionof a chartto mlve equa-
tion (Bl) (derivedfrom equation(k))are shownin figure27. Fig-
ure 27(a)establishesthe liquid-watercontentas a functionof the SUM

.

.

.

.

-.
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-1 of the logarithmsof Pm ad PWi(AT). Sincethe valueof Pm corre-
spondingto a giventemperatureintervalis a constamt}the liquid-water-
contentdistributioncurveis displacedhorizontallyfrom the okiginby

. the anountof 10gP~. The valuesof Pm, Pwi(AT)audWi used in
preparingfigure27(a)were obtainedfkom tableX, parts (a) and (c)$
for a temperatureintervalof 32° to 20.5°F.

The next step in the constructionis shownin figvre27(b)where
the liquid-water-contentscaleon the right is transformedinto a corre-
spondingscaleat the top by use of a line drawnat an angleof 45° on
the grid system. This linemaybe labeledthe 10-milehorizontal-extent
linebecausethe ratioof any valueon the top scalete the correspond-
ing valueon the right-sidescaleis unity. For example,in the figure
a Valueof Wi = 0.5 on the top scaleleadsto a value of Wi = O.~
on the verticalscalewhen the 10-milehorizontal-extentline is used.
For otherhorizontalextents,however,a factormust be appliedto the
liquid-watercontentfor 10-milehorizontalextentto obtainthe value
appropriateto the extentunder consideration.Accordingly,another
line (derivedfromz’eference3) has been drawn on figuz%27(b) to incor-
porateautomaticallythe factorwhich shouldbe appliedto a 50-mile
horizontalextentat differentvaluesof Pm and ~i(N). Thus, a

valueof Wi = 0.5 on the top scalewouldbe transformedinto a value
of Wi = 0.82 on the right-handscalefor a horizontal.extentof
50 miles. The point on the liquid-waterdistributioncurveto whichthe

. valueof Wi = 0.82 appliesis labeledpointA in figure27(b).

The only otherfactorwhichmust be includedin the partialprob-. abilitychartsis the probabilityfactor Pm. A methodof incorporat-
ing the term is by usinga scale-transformationreferenceline (similar
in operationto the horizontal-extentlines). Figure27(c)}the top
peat of which is the same as figure27(b),is presentedto show the
functionof the scale-transformationreferenceline in determiningthe
totalsum of log Pm, log ~ (liT),and log Pm. As ~ ~mple, a value
of w~ %= 0.5 is takenfor wh ch it is desiredto tind the sum of the
logs of the threeprobabilities,Pm, ~i(AT), andP~ applicableto
a 10-milehorizontalextent,a temperatureintervalof 32° to 20.5°F
and a drop-diameterintervalof O to 9.5 microns. Accordingly,a value
of Wi = 0.5 is selectedon the liquid-water-contentscaleand is fol-
loweddownward,vertically,untilan intersectionwith the 10-mile
horizontal-extentline is obtained(point1). From point 1, a line is
followedhorizontallyuntilu intersectionwith the Liqtid-water-content
distributioncurvefor the temperatureintervaLof 32~ to 20.50F
(point2). The horizontaldistancethat point2 is away from the log
referenceline is a measureof the sum of log Pm and log Pw (AT). If

ia verticalline from point2 is followeddownwarduntilan in ersection
with the scaletransformationreferenceline is reached(point3), the
absolutevalueof the sum of log Pm and log Pwi(N?)can be read on the
scaleseitherto the left or to the rightof the point. However,if the
verticalline followedfrom point2 is continueddownwarduntilthed’
intersectionwith the drop-diameterintervalline is reached(point+),
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the sum of the logs of PAT> PWi(AT)and Pm can be read from the lefi- .
hand scalefor log of AFi. The reasonwhy the totalcan be read is
that the drop-diameterintervalline is displacedverticallydownward
from the scaletransformationreferencelineby the amountof log Pm “
for the diameterintervalof O to 9.5 microns. The actualvalue
of Pm used in the constructicmwas obtainedfrom tableX, psrt (b).

The finalvalueof log fil?iread fromthe partialprobability
chartin figure27(c) is the resultsought}nemely,a solutionof eqpa-
tion (Bl). For most rapiduse of the chart,however,it is desirable
to have valuesGf &i obtainabledirectly. This addedconvenience
can be incorporatedin a cha% by makingeach integerof the logarithmic
scalesin figure27(c)correspondto a cycleon semilogarithmicgraph
paper. The partialprobabilitychartspresentedin figure10 have been
constructedto includethis feature,and hencewill yieldvalues
of APi directly.
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TABLEI.- CLASSIFICA!KONOF ICINGCONDITIONS
AND AMOUNTOF DATA AVAILABLEFOR EACH CASE

>ase

1

2

3

4

5

6

Geographical
area

Pacificcoast

Pacificcoast

Plateau

Plateau

EasternU.S.

EasternU.S.

cloud
type

Layer

cumulus

Layer

cumulus

Layer

cumulus

Nuniberof icing
encounters

39

44

30

25

110

4

39

Numberof observations
of liquid-watercontent

and drop dismeter

171

227

119

91

404

26

v
I

*
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TMB’LEII.- INTERVALSOF TEMPERATUREAND DROP DIAMETER
USED IN THE DETERMINATIONOF MARGINALPROBABILITIES,
AND MEDIANVNL%ESIN EACH INTERVALTO BE USED IN
CALCULATINGTEE I@RGINALLIQUID-WATERCONTENT

Intervalsof temperature,AT Intervalsof drop diameter,AD
(°F) (microns)

Lower Upper Medianof Lower II@per Medianof
limit limit interval,Ti limit limit interval,Di

20.5 32.0 2k.o o 9*5 8

10.5 20.5 15.5 995 ~*!5 H

●5 10.5 6.0 12.5 15.5 14

-9.5 .5 -4.0 15.5 19.5 17

-19.!5 ‘9.5 -13.0 19.5 29.5 24

-40.0 -19.5 -25.0 29.5 49.5 37

49.5 m 60
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TABLEIII.- COMPARISONOF VALUESOF LIQUID-WATERCONTENT
FOR PACIFICCOASTCUMULUSCLOUDS,Pe = 0.001,WITH
CORRESPONDINGVALUESFOR INTERMITTENT~

CONDITIONSLISTEDINNACA TN 1855

Temperature,T Drop dismeter,D
(°F) (microns)

L@”id~~m3yo”te’% w

TN 1855Probabilityanalysis

32 20 2.5 2.46

32 30 1.3 1.50

32 50 .4 .42

14 20 2.2 2.30

14 30 1.0 1.35

14 50 .3 ● 37

-4 20 1.7 1.45

-4 30 .8 .70

-4 50 .2 ●15

-22 20 1.0
● 37

-22 30 .5 .15

-22 n .1 0

-4Q 20 .2 0

-40 30 .1 0

-40 50 <.1 0
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TABLEIV.- COMPARISON
LSQUIDWATER CONTENT

OF WEIGHTED-AVERAGEVALUESOF
FOR LAILERCLOUDS,P= = 0.001,

WITH CORRESPONDINGVALUESFOR CONTItiOUSMAXIMUM-
CONIXPTIONSLISTEDIN NACA TN 1855

T&qperature,T Drop diameter,D
Liquid-watercontent,W

(°F) (microns) (g/ma)
TN ~855Hobability analysfs

32 15 0.80 0.77

3 2.5 .50 .49

32 “ k .15 .20

14 15 .60 .50

14 25 ● 30 .28

14 40 .10 .08

-4 15 .30 .17

-4 25 .15 .09

-4 40 .06 .02

-22 15 .20 .02

-22 25 .10 .01

-22 40 .04 ● 003

-40 15 .05 0

-40 25 .03 0

-40 40 .01 0

.

#.
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TABLEV.- CORRESPONDENCEBETWEENTHE EQUIPRORABILITY
ANALYSISAIVDTKE ANALYBISIN NACA TN 1855

Exceed- A~proxim.tecorre-
ante Equipmentto

Type of cloud spendingclassicing
formation pro_ba- which conditionconditionas defined

bility} by~ 1855 is applicable
Pe ,.

hly~art of

Tropical.cumulus airplane,suchasS’o●0001 Instantaneousmaximum
guidevanes,inlet

Pacificcoast
(I-M)

.001
ducts,where a

cumulus None
Do

suddenlargemass
----

● 01 None of supercooled
Do---- .1 Instantaneousnormal ~ter ~O~dbe

(I-N) critical,even for
shortduration

Pacificcoast
Any criticalcoru-

Cumulus .001 Intermittentmaximum ponentof the
(II-M) airplane}where ice

Do - -- - ,01 None accretions}even

Do---- .1 Intermittentnormal thoughslightand

(II-N) of shortduration,
couldnot be
tolerated

All componentsof
the airplane;that

.001 Continuousmaximum
(III-M)

is, everypart of
Layerckuas the airplaneshould
occurringanywhere .01 None be exsminedwith
in the U.S.(Pacific the questionin
coast,plateauand .1 Continuousnormal mind}’’WilXthis-part
east coastregions) (III-N) be affectedseri-

ouslyby accretions
duringcontinuous
flightin icing
conditions?”

————
aExtrapolateclfrom Pacificcoastcumulusdata. ~

●
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TABLEVI.- EXAMPLEPARTIALPROBABILITYCALCULA’ITONSFOR PACIFICCOASTCUMULUSCLOUDS

\

Mediumtemperature,T~
(%) 24.o 15.5

6-0 14”0I “13”0I 45”0
tiedi.um-
arop
aiamter,

(mi%ons)

1 ,

\ Tkmw+rature I I I

S!i2sti
titerval,AT 32.o tQ 20.5 20.5 tO10.5 10.5to0.5 o.5to -9.5l-9.5to-19.51-19.5to-40I

o to 9.5
9.5to12.5
12.5to15.5
15.5to19.5
19.5to29.5
29.5to49.5
4g.5to m

!mTALs

5.00
14.10
3.63
3.25
‘2.62
1.75
.85

I-....” 1
AFi Wi

.00001*4.50

.00001*3.70

.00002*3.26

.00004*2.92

.00007*2.35

.00004L56

.Oomo ●75

.oo124----
7

AJ?~ Wi

O.00001*3.93
.00001*3.23
.000032.86
.000142.55
.001402.05
.003201:~~
.01600

I I

I
AP~ Wi APi Wi

.00001*3.35

.00009 2.75

.00045 2.42

.00130 2.16

.00800 1.75

.00700 1.16

.01400 .57

0.000012.80
.00007 2.30
.000302.03
.00080L82
.003801.46
.00230 ●97
.00430 .47

.0Z0841----1.oll.~1----

.00001*

.00001*

.00002*

.00004*

.cmoo7*

.0C017

.00100

2.08 O.00001*
1.70 .00001*
1.51 .00002*
1.36 .00004*
1.08 .00007*
.73 .00001*
.35 .00013

.001L5 p--~ .00013

n
1?=

z
AP~= 0.00M +0.0208+ 0.0308+ 0.0116 + 0.001..2+ o.OOO1.= 0.0657

1

NOTE: Valuesmarkedtithanasterisk,
Sincesuchvaluessrisebecause
sosmallthatthevaluescanbe

*,denotethatthevalusisaclmallysmallerthan
ofterminationofthepartialprobabilitycharts,
neglectedh thesummationfortotalprobability.

, , ● ✎

thevaluestated.
theyareusually

. 1
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TMBLEVII.- PARAMETERSDEFININGTHE FUNCTION,R~,
FOR PACIFICCOASTCUMULUSCLOUDS(CASE2)

T (%) 32 to 10
T1,(FO) o to 22 x ‘~ ‘: .:

(mic;ons)‘~

Liquid--~~ma;ontent,W

0.05 ‘O .63 Wo .05 ‘O .63 Wo .05 ‘O .63 % ●(35 Wo .63 WI .05 WO.63 % ●05 Wo.63

30 0.70 0.20 0.62 0.12 0.48 0.07 0.32 0.035 0.16 0.02 0 0

35 .60 .16 ● 53 .10 .41 .055 .27 .03 .13 .015 --- ---

40 .5i .U? .45 .075 .35 .04 .23 ●02 --- --- --- ---

45 .42 .09 ● 37 .055 .29 .03 ●19 .015 --- --- --- ---

50 .35 .06 .31 .04 .24 .02 --- --- --- --- --- ---

55 .28 .045 .25 .03 .19 .015 --- --- --- --- --- ---

60 .22 .03 ●19 ●02 --- --- --- --- --- --- --- :--

65 .17 “.02 --- --- --- --- --- --- --- --- --- ---

70 .14 ●015 --- --- --- --- --- --- --- --- --- ---

75 .ll .01 --- --- --- --- --- --- --- --- --- ---

!a
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TABLEVIII.- EXAMPLECALCULATIONSOF EQUIPROBABILITY
CONTKHJRSFOR SMALLVALUESOF DROP DIAMETERFOR

PACIFIC!COASTCUMULUSCLOUDS(CASE2)

(a)Pe = 0.01;Tt = 0; Q = 1.00

I&q diameter, D
(microns)

o
10
13
20
27
30

Rrobabilit
s

1.00
.96
.78
.415
.u6
.015

r values Liquid-watercontent?W
R ($/@

0.0200
.olok
.0128
.024
.086
.67

1.96
l.gk
1.88
1.67
1.24

.40

(b)Pe = 0.01;TT = 32; Q = 0.176

Drop diameter,D
(microns)

Probabilityvalues
s I R

Liquid-watercontent,W

(g/m3)

o
10
15
20

25

1.00
.96
.78
.415
.116

0.057
.059
.073
.137
.490

1.22
1.20
1.14

.91

.40

.
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TABLEIX.- EXAMPLECALCULATIONSOF EQUIPROBABILITY
CONTOURSFOR LARGEVALUESOF DROP DIAMETERFOR

PACIFICCOASTCUMULUSCLOUDS(CASE2)

(a) Pe = 0.01; Tf = O; Q = 1.00

47

Probabilityvalues Liquid-watercontent,W
Drop diameter,D (g/m3)

(microns)
s? Rf Wo●QS Wo.e~ w

30 0.33 0.030 0.70 0.20 ‘o:::
35 ,20 .050 .60 .16
40 ● 12 .083 :: .12 .43
45 .07 .143 .09 ● 30
50 .04 .250 ● 35 .06 .18
!5; .023 .43 .28 .045 .08

,010 1.00 --- --- 0

(b)Pe = ().()ljTt = 32; Q = 0.I-76

?

Probabilityvalues Liquid-watercontent,W
Drop diameter,D

(microns)
W005 ,(&!/ms)

St R! Wo.e~* w

! 0.33 0.172 0.62 0.12 ‘ 0.40
3 i

,20 .284 ● 53 .10 .26
40 .12 ● 47 .45 .075 .13
47 .057 1.00 --- --- 0
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TABLEX.-VALUES OF THE FACTORSUSED IN THX DETERMINATION
OF PARTIALPROBAJ31LITCESAPPLICABLETX)EASTERN

LAXERCLOUDS(CASE5)

(a) &mperature

Upperlimitof

---i

Lowerlimitof Probability,

Temperature temperatureinterval temperatureinterval ‘AT> that

interval,AT Value‘Probability,Q ValueProbability,Q ~~~~~n
(°F) of Tl of exceeding of Tr of exceeding

(F”) ~ T’ (Fe) Tf the interval

32 to 20.5

20.5 to 10.!5

10.5 to 0.5

0.5 to -9.5

-9.5 to -19.5

-19.5 to -40.0

0

11.5

21.5

395

41.5

51.5

1.000

.520

● 175

.063

.016

.003

(b)Drop diameter

dia&ier
interval,

AD,
(microns)

o to 9.5

9.5 to 12.5

~2.5to 15.5

L5.5 to 19.5

L9.5 to 29.5

?9.5 to 49.5

1diamete
Value
of D
(micron~

11.5

21.5

31.5

41.5

51.5

72.0

0.520

.175

.063

.016

.003

0

Drop- Lowerlimitof

o

U*5

15.5

19.5

29.5

49.5

interval
‘robabilityJ
$!t,,of
:xceedingD

1.000

.780

.480

.230

.Ogo

.022 -

.0006

AT

0.480

● 345

.112

.047

.013

.003

diamete.
value
of D,
micron$

9*5

12.5

15.5

19.5

29.5

,49.5

w
-—

-i

Upperlimitof
*interval

Probability,F“

Probability,that drop diametez

Sff,of lieswithinthe

exceedingD interval AD

0.780

.480

.230

● 090

.022

.0006

0

0.220

● 300

● 250

,140

.068

.0214

.0006

.
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TABLEX.- CONCLUDED

(c)Liquid-watercontent

.

-wawr

;~ Wi
,8‘7”EziiEsl’?iir--’‘-–-----tube

(-Y)
I ‘0.631 ‘0.05 I “-”

%i(AT)

I 1 1 1

I

32 tO 20.5
Do ---
Do ---
Do ---

0.23
-do-
-do-
-do-

0.64 0.23 0.63
-do- .50 .13
-do- ● 75 .024
-do- 1.00 ● 004

20.5 to 10*5
Do ---
Do ---
Do ---

10.5 to 0.5
Do ---
Do ---
Do ---

.24
-do-
-do-
-do-

.14
-do-
-do-
-do-

.72 .24
-do - ● 50
-do- ●75
-do- 1.00

● 37 .14
-do- .25
-do-

● 37
-do- .50

.63

.18

.04

.009

.63
● 20
.05
.009

0.5 to -9.5
Do ---
Do ---
Do ---

.10
-do-
-do-
-do-

.24 ● 10
-do - .20
-do- .30
-do- .’40

.63

.11

.014

.002

-9.5 to -19.5
Do ---
Do ---

.07
-do-
-do-

.17 .07
-do- .20
-do- .30

.63

.028

.0017

-19.5 to -40.0 .04
Do --- -do-
Do --- -do-

● 10 .04
-do- .10
-do- .15

.63

.05

.004

.

f’
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TABLEXI.- PARTIALPROBABILITYVALIIXSFOR EASTERNLAYER
CLOUDS(CASE 5) FROM DATA PRESENTEDIN Tl!JWlX

TemperatureDismeter Liquid-water
content,Wi,interval,AT interval,AD for ~ ~d ~ ‘AT Pm PWi(AT) ~i

(°F) (microns)
(g/ms)

0.23 0.63 0.0663
.50 .13 .0137

32.0to 20.5 0 to 9.5 *75 0.48 0.22 .024 .0025
1.00 ●004 .0004
1.30 .0005 .00005

.24 .63 .0478

20.5 to 10.5 0 to 9.5
:$

.345 .22 :;: .0136
.0030

1.00 ●009 .0007

.23 .63 .0906

32.0to 20.5 9.5 -toI-2.5 .50 .48 .30 .13 .0187
● 75 .024 .0034

1.00 .004 .0006

.24 .63 .0653

.50
.345 *30 :;;

.0186
20.5 to 10.5 9.5 to 12.5

●75 .0041
1.00 .009 .0009

.

.



Pucific Coust

Eostem United States

/v-4/l--p)7
—

,“

Figure /.- Mop of the United Stutes showing approximate boundaries of

areos used in the geogrophicul clossificotion of icing do to.



R

NACA T!N2738

.

.

+*
*&

q --s=

F@ure Z.-Graphical presentation of the equ~robabb’i~ surface whiii
presents the focus of all combinations of A’quid-wafer conten#jdrq
diameter and temperature depression below freezing havihg the
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Drop dhmeter, D, micnm
=K!=

(c) P* = 0.00/

Figure 3.- Concluded,
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Figure 6.- Concluded.
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